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Abstract
Based on the celebrated Hermite–Hadamard integral inequality for convex functions, some inequalities for differentiable convex
and concave mappings are generalized. Furthermore, the results obtained are examined in the context of special means for real
numbers.
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1. Introduction
Let f : I ⊂ R → R be a convex function on the interval I of real numbers and a, b ∈ I with a < b. The inequality
f
(
a + b
2
)
≤ 1
b − a
∫ b
a
f (x)dx ≤ f (a)+ f (b)
2
(1.1)
is known as the Hermite–Hadamard inequality for convex functions [1].
In [2,3], the author established the following results connected with the left-hand side of (1.1) and applied them to
obtain some elementary inequalities for real numbers and in numerical integration.
Theorem A. Let f : I o ⊂ R → R be a differentiable mapping on I o, a, b ∈ I o with a < b, and let p > 1. If the
mapping
∣∣ f ′∣∣p/(p−1) is convex on [a, b], then we have∣∣∣∣ 1b − a
∫ b
a
f (x)dx − f
(
a + b
2
)∣∣∣∣ ≤ b − a4
(
4
p + 1
)1/p (∣∣ f ′(a)∣∣+ ∣∣ f ′(b)∣∣) . (1.2)
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Theorem B. Let f : I o ⊂ R → R be a differentiable mapping on I o, a, b ∈ I o with a < b, and let p > 1. If the
mapping
∣∣ f ′∣∣p is convex on [a, b], then we have∣∣∣∣ 1b − a
∫ b
a
f (x)dx − f
(
a + b
2
)∣∣∣∣ ≤
(
31−(1/p)
8
)
(b − a) (∣∣ f ′(a)∣∣+ ∣∣ f ′(b)∣∣) . (1.3)
Theorem C. Let f : I o ⊂ R → R be a differentiable mapping on I o, a, b ∈ I o with a < b, and let p > 1. If ∣∣ f ′∣∣p
is concave on [a, b] and ∣∣ f ′∣∣ is a linear map, then we have∣∣∣∣ 1b − a
∫ b
a
f (x)dx − f
(
a + b
2
)∣∣∣∣ ≤ (b − a8
) (∣∣ f ′(a + b)∣∣) . (1.4)
Dragomir and Agarwal [4] established the following result connected with the right-hand side of (1.1).
Theorem D. Let f : I o ⊂ R → R be a differentiable mapping on I o, a, b ∈ I o with a < b, and let p > 1. If the
mapping
∣∣ f ′∣∣p/(p−1) is convex on [a, b], then the following inequality holds:
∣∣∣∣ f (a)+ f (b)2 − 1b − a
∫ b
a
f (x)dx
∣∣∣∣ ≤ b − a2(p + 1)1/p
[∣∣ f ′(a)∣∣p/(p−1) + ∣∣ f ′(b)∣∣p/(p−1)
2
](p−1)/p
. (1.5)
Pearce and Pecaric [5] established the following results:
Theorem E. Let f : I o ⊂ R → R be a differentiable mapping on I o, a, b ∈ I o with a < b, f ′ ∈ L(a, b), and let
q ≥ 1. If the mapping ∣∣ f ′∣∣q is convex on [a, b], then we have∣∣∣∣ f (a)+ f (b)2 − 1b − a
∫ b
a
f (x)dx
∣∣∣∣ ≤ b − a4
[∣∣ f ′(a)∣∣q + ∣∣ f ′(b)∣∣q
2
]1/q
. (1.6)
Theorem F. Let f : I o ⊂ R → R be a differentiable mapping on I o, a, b ∈ I o with a < b, f ′ ∈ L(a, b) and let
q ≥ 1. If ∣∣ f ′∣∣q is concave on [a, b], then we have∣∣∣∣ f (a)+ f (b)2 − 1b − a
∫ b
a
f (x)dx
∣∣∣∣ ≤ b − a4
∣∣∣∣ f ′ (a + b2
)∣∣∣∣ . (1.7)
The aim of this paper is to establish some improvements of Theorems A–F. In Section 3, we note some consequent
applications to special means.
For several recent results concerning the Hermite–Hadamard inequality, we refer the reader to [6,7].
Throughout we suppose I is an interval on R and a, b, c, A, B ∈ I 0 with a ≤ A ≤ c ≤ B ≤ b. (c 6= a, b), p, q ∈
R and f : I 0 → R is differentiable.
2. Main results
Theorem 1. Let f : I 0 ⊂ R → R be a differentiable mapping on I 0, a, b ∈ I 0, with a < b and let p > 1. If the
mapping
∣∣ f ′∣∣p/(p−1) is convex on [a, b], then we have
i.
f (ca + (1− c)b)(B − A)+ f (a)(1− B)+ f (b)A − 1
b − a
∫ b
a
f (x)dx
= (a − b)
[∫ c
0
(t − A) f ′(ta + (1− t)b)dt +
∫ 1
c
(t − B) f ′(ta + (1− t)b)dt
]
. (2.1)
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ii. ∣∣∣∣ 1a − b
[
f (ca + (1− c)b)(B − A)+ f (a)(1− B)+ (b)A − 1
b − a
∫ b
a
f (x)dx
]∣∣∣∣
≤
[
Ap+1 + (c − A)p+1
p + 1
]1/p (c2 ∣∣ f ′(a)∣∣q + (2c − c2) ∣∣ f ′(b)∣∣q
2
)1/q
+
[
(B − c)p+1 + (1− B)p+1
p + 1
]1/p (
(1− c2) ∣∣ f ′(a)∣∣q + (1− c)2 ∣∣ f ′(b)∣∣q
2
)1/q
. (2.2)
Proof. i. Let S : [a, b] → R be defined by
S(t) =
{
t − A, t ∈ [0, c]
t − B, t ∈ (c, 1].
Integrating by parts and using the change of the variable x = ta + (1− t)b, we have∫ 1
0
S(t) f ′(ta + (1− t)b)dt =
∫ c
0
(t − A) f ′(ta + (1− t)b)dt +
∫ 1
c
(t − B) f ′(ta + (1− t)b)dt
= 1
a − b
[
f (ca + (1− c)b)(B − A)+ f (a)(1− B)+ f (b)A − 1
b − a
∫ b
a
f (x)dx
]
.
ii. From equality (2.1), we deduce∣∣∣∣ 1a − b
[
f (ca + (1− c)b)(B − A)+ f (a)(1− B)+ f (b)A − 1
b − a
∫ b
a
f (x)dx
]∣∣∣∣
≤
∫ c
0
|t − A| ∣∣ f ′(ta + (1− t)b)∣∣ dt + ∫ 1
c
|t − B| ∣∣ f ′(ta + (1− t)b)∣∣ dt. (2.3)
For p > 1, it follows from Ho¨lder’s inequality that∣∣∣∣ 1a − b
[
f (ca + (1− c)b)(B − A)+ f (a)(1− B)+ f (b)A − 1
b − a
∫ b
a
f (x)dx
]∣∣∣∣
≤
(∫ c
0
|t − A|p dt
)1/p (∫ c
0
∣∣ f ′(ta + (1− t)b)∣∣q dt)1/q
+
(∫ 1
c
|t − B|p dt
)1/p (∫ 1
c
∣∣ f ′(ta + (1− t)b)∣∣q dt)1/q (2.4)
where 1p + 1q = 1. Using the convexity of
∣∣ f ′∣∣q , we obtain
∫ c
0
∣∣ f ′(ta + (1− t)b)∣∣q dt ≤ ∫ c
0
[
t
∣∣ f ′(a)∣∣q + (1− t) ∣∣ f ′(b)∣∣q] dt = c2 ∣∣ f ′(a)∣∣q + (2c − c2) ∣∣ f ′(b)∣∣q
2
(2.5)
and ∫ 1
c
∣∣ f ′(ta + (1− t)b)∣∣q dt ≤ ∫ 1
c
[
t
∣∣ f ′(a)∣∣q + (1− t) ∣∣ f ′(b)∣∣q] dt
= (1− c
2)
∣∣ f ′(a)∣∣q + (1− c)2 ∣∣ f ′(b)∣∣q
2
. (2.6)
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Also, we have∫ 1
c
tdt = 1− c
2
2
,
∫ 1
c
(1− t)dt = (1− c)
2
2
,
∫ c
0
(1− t)dt = 2c − c
2
2
,
∫ c
0
tdt = c
2
2
,∫ c
0
|t − A|p dt =
∫ A
0
(A − t)pdt +
∫ c
A
(t − A)pdt = A
p+1 + (c − A)p+1
p + 1 ,∫ 1
c
|t − B|p dt =
∫ B
c
(B − t)pdt +
∫ 1
B
(t − B)pdt = (B − c)
p+1 + (1− B)p+1
p + 1 .
(2.7)
A combination of (2.4)–(2.7) gives the required inequality (2.2). 
Corollary 1. Under the assumptions of Theorem 1 with A = B = c = 12 , we have∣∣∣∣ f (a)+ f (b)2 − 1b − a
∫ b
a
f (x)dx
∣∣∣∣
≤ (b − a)
(
1
(p + 1) 1p 2 p+1p
)[∣∣ f ′(a)∣∣q + 3 ∣∣ f ′(b)∣∣q
8
]1/q
+
[
3
∣∣ f ′(a)∣∣q + ∣∣ f ′(b)∣∣q
8
]1/q .
Let a1 =
∣∣ f ′(a)∣∣q , b1 = 3 ∣∣ f ′(b)∣∣q , a2 = 3 ∣∣ f ′(a)∣∣q , b2 = ∣∣ f ′(b)∣∣q . Here 0 ≤ (p − 1)/p < 1, for p > 1. Using
the fact that
n∑
k=1
(ak + bk)s ≤
n∑
k=1
ask +
n∑
k=1
bsk, (2.8)
for (0 ≤ s < 1), we obtain∣∣∣∣ f (a)+ f (b)2 − 1b − a
∫ b
a
f (x)dx
∣∣∣∣ ≤ (b − a)
(
1
(p + 1) 1p 2 p+1p
)[∣∣ f ′(a)∣∣+ ∣∣ f ′(b)∣∣
2
]
≤
(
b − a
4
)(
4
p + 1
)1/p (∣∣ f ′(a)∣∣+ ∣∣ f ′(b)∣∣) . (2.9)
Corollary 2. Under the assumptions of Theorem 1 with A = 0, B = 1, c = 12 , we have∣∣∣∣ 1b − a
∫ b
a
f (x)dx − f
(
a + b
2
)∣∣∣∣
≤ (b − a)
(
1
(p + 1) 1p 2 p+1p
)(∣∣ f ′(a)∣∣q + 3 ∣∣ f ′(b)∣∣q
8
)1/q
+
(
3
∣∣ f ′(a)∣∣q + ∣∣ f ′(b)∣∣q
8
)1/q .
For a1 =
∣∣ f ′(a)∣∣q , b1 = 3 ∣∣ f ′(b)∣∣q , a2 = 3 ∣∣ f ′(a)∣∣q , b2 = ∣∣ f ′(b)∣∣q , using the inequality (2.8), we obtain
inequality (1.2).
Remark 1. Inequality (2.9) is a refinement of inequality (1.5).
Theorem 2. Let f : I 0 ⊂ R → R be a differentiable mapping on I 0, a, b ∈ I 0, with a < b and let p > 1. If the
mapping
∣∣ f ′∣∣p is convex on [a, b], then we have∣∣∣∣ f (ca + (1− c)b)(B − A)+ f (a)(1− B)+ f (b)A − 1b − a
∫ b
a
f (x)dx
∣∣∣∣
≤ (a − b)
{
K 1−
1
p
[
T
∣∣ f ′(a)∣∣p + (K − T ) ∣∣ f ′(b)∣∣p]1/p + M1− 1p [N ∣∣ f ′(a)∣∣p + (M − N ) ∣∣ f ′(b)∣∣p]1/p}
(2.10)
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where
K = A
2 + (c − A)2
2
, T = A
3 + c3
3
− Ac
2
2
, M = (B − c)
2 + (1− B)2
2
,
N = B
3 + c3 + 1
3
− (1+ c2) B
2
.
Proof. Let us consider the inequality (2.3), i.e.,∣∣∣∣ 1a − b
[
f (ca + (1− c)b)(B − A)+ f (a)(1− B)+ f (b)A − 1
b − a
∫ b
a
f (x)dx
]∣∣∣∣
≤
∫ c
0
|t − A| ∣∣ f ′(ta + (1− t)b)∣∣ dt + ∫ 1
c
|t − B| ∣∣ f ′(ta + (1− t)b)∣∣ dt.
By the power-mean inequality, we obtain∫ c
0
|t − A| ∣∣ f ′(ta + (1− t)b)∣∣ dt ≤ (∫ c
0
|t − A| dt
)1− 1p (∫ c
0
|t − A| ∣∣ f ′(ta + (1− t)b)∣∣p dt)1/p (2.11)
and ∫ 1
c
|t − B| ∣∣ f ′(ta + (1− t)b)∣∣ dt ≤ (∫ 1
c
|t − B| dt
)1− 1p (∫ 1
c
|t − B| ∣∣ f ′(ta + (1− t)b)∣∣p dt)1/p . (2.12)
Since
∣∣ f ′∣∣p is convex, we have∫ c
0
|t − A| ∣∣ f ′(ta + (1− t)b)∣∣p dt ≤ ∫ c
0
|t − A| (t ∣∣ f ′(a)∣∣p + (1− t) ∣∣ f ′(b)∣∣p) dt
≤ T ∣∣ f ′(a)∣∣p + (K − T ) ∣∣ f ′(b)∣∣p (2.13)
and ∫ 1
c
|t − B| ∣∣ f ′(ta + (1− t)b)∣∣p dt ≤ ∫ 1
c
|t − B| (t ∣∣ f ′(a)∣∣p + (1− t) ∣∣ f ′(b)∣∣p) dt
≤ N ∣∣ f ′(a)∣∣p + (M − N ) ∣∣ f ′(b)∣∣p (2.14)
where
K =
∫ c
0
|t − A| dt =
∫ A
0
(A − t)dt +
∫ c
A
(t − A)dt = A
2 + (c − A)2
2
,
T =
∫ c
0
|t − A| tdt =
∫ A
0
(A − t)tdt +
∫ c
A
(t − A)tdt = A
3 + c3
3
− Ac
2
2
M =
∫ 1
c
|t − B| dt =
∫ B
c
(B − t)dt +
∫ 1
B
(t − B)dt = (B − c)
2 + (1− B)2
2
N =
∫ 1
c
|t − B| tdt =
∫ B
c
(B − t)tdt +
∫ 1
B
(t − B)tdt = B
3 + c3 + 1
3
− (1+ c2) B
2
(2.15)
and
K − T =
∫ c
0
|t − A| (1− t)dt =
∫ A
0
(A − t)(1− t)dt +
∫ c
A
(t − A)(1− t)dt
M − N =
∫ 1
c
|t − B| (1− t)dt =
∫ B
c
(B − t)(1− t)dt +
∫ 1
B
(t − B)(1− t)dt.
A combination of (2.3) and (2.11)–(2.15) gives the required inequality (2.10). 
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Corollary 3. Under the assumptions of Theorem 2 with A = 0, B = 1, c = 12 , we have∣∣∣∣ 1b − a
∫ b
a
f (x)dx − f
(
a + b
2
)∣∣∣∣
≤ (b − a)
(
1
8
)1− 1p (∣∣ f ′(a)∣∣p + 2 ∣∣ f ′(b)∣∣p
24
)1/p
+
(
2
∣∣ f ′(a)∣∣p + ∣∣ f ′(b)∣∣p
24
)1/p .
For a1 =
∣∣ f ′(a)∣∣p , b1 = 2 ∣∣ f ′(b)∣∣p , a2 = 2 ∣∣ f ′(a)∣∣p , b2 = ∣∣ f ′(b)∣∣p, using the inequality (2.8), we obtain
inequality (1.3).
Corollary 4. Under the assumptions of Theorem 2 with A = B = c = 12 , we have∣∣∣∣ f (a)+ f (b)2 − 1b − a
∫ b
a
f (x)dx
∣∣∣∣
≤
(
b − a
81−
1
p
)[∣∣ f ′(a)∣∣p + 5 ∣∣ f ′(b)∣∣p
48
]1/p
+
[
5
∣∣ f ′(a)∣∣p + ∣∣ f ′(b)∣∣p
48
]1/p .
For a1 =
∣∣ f ′(a)∣∣p , b1 = 5 ∣∣ f ′(b)∣∣p , a2 = 5 ∣∣ f ′(a)∣∣p , b2 = ∣∣ f ′(b)∣∣p, using the inequality (2.8), we obtain∣∣∣∣ f (a)+ f (b)2 − 1b − a
∫ b
a
f (x)dx
∣∣∣∣ ≤ (b − a8
) (∣∣ f ′(a)∣∣+ ∣∣ f ′(b)∣∣) . (2.16)
Remark 2. Inequality (2.16) is a refinement of inequality (1.6).
Theorem 3. Let f : I 0 ⊂ R → R be a differentiable mapping on I 0, a, b ∈ I 0, with a < b and let p > 1. If the
mapping
∣∣ f ′∣∣p is concave on [a, b], then we have∣∣∣∣ f (ca + (1− c)b)(B − A)+ f (a)(1− B)+ f (b)A − 1b − a
∫ b
a
f (x)dx
∣∣∣∣
≤ (b − a)
[
K
∣∣∣∣ f ′ (aT + b(K − T )K
)∣∣∣∣+ M ∣∣∣∣ f ′ (aN + b(M − N )M
)∣∣∣∣] (2.17)
where
K = A
2 + (c − A)2
2
, T = A
3 + c3
3
− Ac
2
2
, M = (B − c)
2 + (1− B)2
2
,
N = B
3 + c3 + 1
3
− (1+ c2) B
2
.
Proof. Let us consider the inequality (2.3), i.e.,∣∣∣∣ 1a − b
[
f (ca + (1− c)b)(B − A)+ f (a)(1− B)+ f (b)A − 1
b − a
∫ b
a
f (x)dx
]∣∣∣∣
≤
∫ c
0
|t − A| ∣∣ f ′(ta + (1− t)b)∣∣ dt + ∫ 1
c
|t − B| ∣∣ f ′(ta + (1− t)b)∣∣ dt.
Using the concavity of
∣∣ f ′∣∣p and by the Jensen integral inequality, we have∫ c
0
|t − A| ∣∣ f ′(ta + (1− t)b)dt∣∣ ≤ (∫ c
0
|t − A| dt
) ∣∣∣∣∣ f ′
(∫ c
0 |t − A| (ta + (1− t)b)dt∫ c
0 |t − A| dt
)∣∣∣∣∣
= K
∣∣∣∣ f ′ (aT + b(K − T )K
)∣∣∣∣ (2.18)
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c
|t − B| ∣∣ f ′(ta + (1− t)b)dt∣∣ ≤ (∫ 1
c
|t − B| dt
) ∣∣∣∣∣ f ′
(∫ 1
c |t − B| (ta + (1− t)b)dt∫ 1
c |t − B| dt
)∣∣∣∣∣
= M
∣∣∣∣ f ′ (aN + b(M − N )M
)∣∣∣∣ . (2.19)
A combination of (2.3), (2.15), (2.18) and (2.19) gives the required inequality (2.17). 
Corollary 5. Under the assumptions of Theorem 3 with A = 0, B = 1, c = 12 and if
∣∣ f ′∣∣ is a linear map, we have
inequality (1.4), i.e.,∣∣∣∣ 1b − a
∫ b
a
f (x)dx − f
(
a + b
2
)∣∣∣∣ ≤ (b − a8
) (∣∣ f ′(a + b)∣∣) .
Corollary 6. Under the assumptions of Theorem 3 with A = B = c = 12 , we have∣∣∣∣ f (a)+ f (b)2 − 1b − a
∫ b
a
f (x)dx
∣∣∣∣ ≤ (b − a)8
(∣∣∣∣ f ′ (a + 5b6
)∣∣∣∣+ ∣∣∣∣ f ′ (5a + b6
)∣∣∣∣) . (2.20)
Remark 3. Since
∣∣ f ′∣∣q being concave implies that ∣∣ f ′∣∣ is concave, we have,
1
2
(∣∣∣∣ f ′ (5a + b6
)∣∣∣∣+ ∣∣∣∣ f ′ (a + 5b6
)∣∣∣∣) ≤ ∣∣∣∣ f ′ (a + b2
)∣∣∣∣ .
Thus, inequality (2.20) is a refinement of inequality (1.7).
3. Applications to special means
As in [2], we shall consider the means for arbitrary real numbers α, β, α 6= β. We take
H(α, β) = 21
α
+ 1
β
, α, β ∈ R \ {0}, (harmonic mean)
A(α, β) = α + β
2
, α, β ∈ R, (arithmetic mean)
L(α, β) = β − α
ln |β| − ln |α| , |α| 6= |β| , αβ 6= 0, (logarithmic mean)
I (α, β) = 1
e
(
ββ
αα
)1/(β−α)
, (identric mean)
G(α, β) = √αβ, (geometric mean)
Ln(α, β) =
[
βn+1 − αn+1
(n + 1)(β − α)
]1/n
, n ∈ Z \ {−1, 0}, α, β ∈ R, α 6= β, (generalized log–mean).
Now, using the results of Section 2, we give some applications to special means of real numbers.
Proposition 3.1. Let a, b ∈ I 0, 0 < a < b. Then the following holds, for all p > 1:
|ln A(a, b)− ln I (a, b)| ≤ 1
4
(
4
p + 1
)1/p
(b2 − a2)G−2(a, b)
and ∣∣∣∣ln I (a, b)− 12 lnG2(a, b)
∣∣∣∣ ≤ 14
(
4
p + 1
)1/p
(b2 − a2)G−2(a, b).
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Proof. The assertions follow from Corollaries 1 and 2 applied to the convex mapping f (x) = − ln x . 
Proposition 3.2. Let a, b ∈ I 0, a < b, 0 6∈ [a, b] and n ∈ Z, |n| ≥ 2. Then, for all p > 1,∣∣∣Ln−2n−2(a, b)G−2(2n−1)(a, b)− A−2n(a, b)∣∣∣ = ∣∣∣L−2n−2n(a, b)− A−2n(a, b)∣∣∣
≤ 4 |n|
31− 1p
8
 (b − a)A (|a|−2n−1 , |b|−2n−1)
and ∣∣∣A(a−2n, b−2n)− L−2n−2n(a, b)∣∣∣ ≤ n (b − a2
)
A(|a|−2n−1 , |b|−2n−1).
Proof. The assertions follow from Corollaries 3 and 4 applied to the convex mapping f (x) = x−2n, x ∈ R,
n ∈ Z , |n| ≥ 2. 
Proposition 3.3. Let a, b ∈ I 0, a < b, 0 6∈ [a, b] and 0 < n < 1. Then, the following holds:∣∣Lnn(a, b)− An(a, b)∣∣ ≤ |n|(b − a8
)(
|a + b|n−1
)
and ∣∣A(an, bn)− Lnn(a, b)∣∣ ≤ n (b − a8
) ∣∣∣∣∣
(
a + 5b
6
)n−1
+
(
5a + b
6
)n−1∣∣∣∣∣ .
Proof. The assertions follow from Corollaries 5 and 6 applied to the concave mapping f (x) = xn , x ∈ [a, b],
0 < n < 1. 
Proposition 3.4. Let a, b ∈ I 0, 0 < a < b. Then the following holds, for all p > 1:
|ln A(a, b)− ln I (a, b)| ≤
31− 1p
8
 (b2 − a2)G−2(a, b) ≤ 2
31− 1p
8
 (b − a) H−1 (a, b)
and ∣∣∣∣ln I (a, b)− 12 lnG2(a, b)
∣∣∣∣ ≤ (b2 − a28
)
G−2(a, b).
Proof. The assertions follow from Corollaries 3 and 4 applied to the convex mapping f (x) = − ln x . 
Proposition 3.5. Let a, b ∈ I 0, 0 < a < b. Then the following holds:
|ln A(a, b)− ln I (a, b)| ≤
(
b − a
16
)
A−1(a, b)
and ∣∣∣∣12 lnG2(a, b)− ln I (a, b)
∣∣∣∣ ≤ (b − a4
)
H−1
(
a + 5b
6
,
5a + b
6
)
.
Proof. The assertions follow from Corollaries 5 and 6 applied to the concave mapping f (x) = ln x . 
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